Abstract: This extensive study investigated the influence of microstructure on the effective transverse thermal conductivity of unidirectional glass fiber reinforced composites, in which the fibers are randomly dispersed and the thermal conductivity of polyethylene matrix is a function of test temperature. The microstructure is characterized by parameters such as the number of fibers, fiber volume fraction, fiber size, fiber arrangement and thermal property contrast. Firstly, a simple algorithm is developed to automatically generate closest-to-real random array of fibers in unit cell to reconstruct the composite microstructure. Then, the established two-dimensional random twocomponent composite unit cell is solved using finite element simulation and the obtained effective thermal conductivities are compared with the theoretical predictions and the experimental results. Subsequently, the effects of microstructure parameters and test temperature are investigated, respectively. It is found that the finite element predicted properties are in very good agreement with the experimental predictions, while they are always lower than the analytically predicted properties. These results can find applications in the design of composite materials taking into account the fiber distribution morphology.
Introduction
The incorporation of fibers, i.e. carbon fibers, glass fibers, boron fibers, and microparticles/nanoparticles in matrix material is facilitated to form various composites [1] [2] [3] [4] [5] [6] . The effective thermal conductivity of them is one of the most important quantities characterizing energy transport in a vast range of engineering applications [7] [8] [9] [10] [11] [12] . Generally, fibers are assumed to be regularly dispersed in matrix in square or hexagonal mode for simplicity so that a relative simple composite model can be obtained for thermal analysis [13] [14] [15] [16] [17] . Actually, the fiber distribution morphology is very complex in matrix. They are generally dispersed in matrix in random arrangement [18] [19] [20] [21] [22] [23] . Thus, there is an increasing demand to establish proper random composite model for applications so that the fiber distribution may match the realistic arrangement in composite as possible [24] [25] [26] . Except for digital image technique, which strongly requires special device and software, to obtain the real microstructure [27, 28] , some attempts have been made by developing random algorithm to generate closest-to-real random composite models for investigating the effect of fiber distribution mode on the effective thermal conductivity of composites. For example, Wang et al. studied the influence of clustered natural fibers regularly or randomly distributed in cementitious material on the effective thermal conductivity of composites [29] . Fang et al. investigated the geometrical effect of fibers in the unidirectional fiber-reinforced polymer composite [30] . Yang et al. developed a random sequential expansion algorithm for generating random fiber distributions in the cross-sectional plane of unidirectional fiber-reinforced composite [31] . Montesano and his partners developed an algorithm based on event-driven molecular dynamics theory to rapidly generate periodic representative volume elements with uniform or nonuniform filler distributions for both unidirectional fiber-reinforced and spherical particle-reinforced composites [3, 32] . Besides, an algorithm based on constrained optimization formulation was developed by Pathan et al. to generate random distributions of cylindrical fibers and spherical particles [33] . However, the existing algorithms look mathematically complex, moreover, the temperature dependence of thermal conductivity of matrix material [34, 35] was seldom considered for investigating the effective thermal conductivities of fiber-reinforced composites.
This work aims to the prediction of transverse effective thermal conductivity of unidirectional composite materials containing randomly dispersed long fibers by finite element simulation. The random pattern of fibers is generated by a simple random algorithm. The thermal conductivity of matrix material is assumed to be dependent of its test temperature. With given fiber size and number of fibers, the present algorithm really randomly generates the positions of circular fibers for a specific volume fraction in a square matrix region by requiring that the fibers don't intersect. Such condition can be ensured by making the distances between the centers of the new fiber and the existing fibers that have been created greater than the summation of their radius. This automated generation process will not stop until the specific fiber volume fraction reaches. As there are no limitations of fiber size, material, and shape in the generation process, it is considerably easy to generate a combination of randomly distributed fibers with two or more different materials, sizes or shapes. Subsequently, the influences of fiber arrangement, fiber size, thermal conductivity ratio between components, and fiber volume fraction are taken into account in numerical simulations under different test temperatures. The resulted predictions are analyzed and compared with those from various analytical models [11] and experiments [34] .
The paper is organized as follows. In Section 2, the algorithm for the generation of computational unit cell modelling containing randomly distributed fibers is depicted. Then, in Section 3, the finite element simulation is performed for the calculation of transverse effective properties of unidirectional fiber reinforced composites. In Section 4, numerical results are discussed and compared with analytical models and experiments. Finally, the work is summarized in Section 5.
Generation of random fiber arrangement
In this section, random fiber arrangement in unit cell is automatically generated by a simple algorithm, which is designed based on the existing literature [19] . For a random unit cell model with uniform fiber size distribution, it is assumed that the fibers are randomly distributed in it and don't intersect with each other or the cell boundaries. This restriction is helpful to ease the determination of fiber volume fraction and more importantly, avoid mesh distortion in finite element simulation. Firstly, the pre-defined geometric parameters of the unit cell include the number of fibers, fiber radius and the length of unit cell. The relationship between the geometric parameters and the fiber volume fraction can be expressed as
where v f , n and a are the fiber volume fraction, the number of fibers with radius r f , and the side length of square unit cell, respectively. It appears that when the number of fibers, the fiber size, and the fiber volume fraction are given, the size of unit cell can be evaluated by
from which it is found that the cell size is obviously a function of the fiber volume fraction, the number of fibers, and the fiber size. In this study, it is assumed that the fiber size is identical and specified, and therefore, the fiber volume fraction and the number of fibers are two important morphological parameters to be studied in this work. Next, a simple algorithm following the procedure below is presented to generate the random arrangement of fibers in the unit cell, which is illustrated in Fig. [1] . s Step 1: The unit cell with side length a is considered with the origin of coordinates at the left and low corner of it. In order to avoid the fiber intersecting with the cell boundaries, a reduced square region with side length a − 2r f is defined (see the dashed square region in Fig. 1 ). Then, a random point standing for the center of the first fiber with coordinate (x 1 , y 1 ) is firstly created by
where rand (1, 2) is the inbuilt function of MATLAB to simultaneously produce two random numbers in the region (0, 1).
Step 2: A new random point (xnew , ynew) representing the center of a new fiber is created similarly in the reduced region by
If the distance d between the new fiber and the first fiber is larger than 2r f , the newly generated point is accepted and reset as the position of the second fiber. If not, the new fiber is discarded and you have to repeat such procedure until the second point is created successfully.
Step 3: Repeat Step 2 to generate the specified number of fibers in the unit cell and ensure that the distances between the new fiber and other existing fibers are all greater than 2r f .
From the procedure above, it is seen that the algorithm is very simple, and doesn't require too much mathematical foundation. To investigate the applicability of the algorithm for various numbers of fibers, it is assumed that there are 50, 100, 200 and 400 fibers randomly dispersed in the unit cells, respectively. The fiber volume fraction v f is set to be 20% and the fiber radius r f is 7 µm, which corresponds to the glass fiber considered in this study [34] . Fig. 2 shows the resulted random geometric models and it is found that the present algorithm can effectively generate random distributions of fibers in the unit cells under the given value of fiber volume fraction. Besides, to illustrate the applicability of the algorithm for higher fiber volume fraction, i.e. 50% or higher, which is a common value in the real composite material, Fig. 3 depicts examples of generated distributions with v f = 54%, and it is seen that the fiber distributions show excellent randomness. Additionally, because of the randomness of fiber position, the algorithm can produce different fiber distributions even if the geometric parameters including the fiber volume fraction, the fiber size, and the fiber quantity are unchanged. Fig. 5 shows the examples of different random models generated by the present algorithm with v f = 20% and n f = 100. Therefore, all examples demonstrate the full applicability of the present algorithm to generate really random microstructures of composites over a large range of fiber volume fractions and fiber quantities. In addition, it is necessary to point out that higher fiber volume fraction can be achieved by following the steps above and introducing polar coordinates around each existing circle. As a result, the fiber volume fraction can be up to 65%. Fig. 4 display examples of generated random distributions with v f = 65%for different fiber numbers. 
Numerical simulation
Once the random microstructures of composites are generated, we can perform the prediction of effective transverse thermal property of composites from the properties of their constituents, and the given filler volume fraction. In this section, the finite element method is used to achieve such objective and also validate the present algorithm. The 3-node plane linear elements are used to discretize all composite microstructure models. For comparison, the regular geometric models including the square and hexagonal fiber arrangements are established, as shown in Fig. 6 . Moreover, the existing experimental results of composite consisting of the glass fiber and the polyethylene (HDPE) matrix material [34] is considered to verify the computational models. Both the glass fiber and the matrix are considered to be isotropic and homogeneous. The glass fiber with diameter d f = 14µm has constant thermal conductivity k f =1.03 W/(mK), while the thermal conductivity km of matrix material changes with respect to the test temperature, as shown in Fig. 7 . 
where Tm and T f are temperature distributions in the matrix and fiber material phases, respectively. Moreover, the effect of thermal contact resistance on the interface of fiber and matrix is neglected, so the interfacial continuum is written as
where n is the unit normal to the fiber/matrix interface. Due to the randomness of fiber distribution, the composite is assumed to be orthotropic on the cross-section plane. Thus, based on Fourier's law, the heat flux components qx and qy in the computational domain can be expressed by the temperature gradient [36] [︃ qx qy
from which the effective thermal conductivity of the composite along the x-direction can be approximated by [29, 34, 37] kx ≈q x a ∆T ≈q x a T 1 − T 2 (9) in whichqx is the average heat flux component on the surface perpendicular to the x axis, i.e. the surface x = a with the constant temperature constraint T 2 . In this study, the left and right boundary temperatures are T 1 = 400 K and T 2 = 300 K, respectively.
Analysis of numerical convergence
The governing equations (5) with the boundary conditions (6) and the perfect interfacial condition (7) are solved using finite elements. Here, the thermal conductivity of HDPE matrix material is taken as 0.4367 W/(mK), which corresponds to the test temperature 65 ∘ C [34] . To obtain converged solutions, the numerical convergence criterion is defined such that the maximum relative difference in the predicted effective thermal conductivity is less than 0.1% when increasing the number of elements from the current meshing scheme to a new one. Fig. 9 shows the meshing schemes for the two microstructures including 50 and 400 fibers, respectively, with 50% fiber volume fraction. It is found that the converged results can be achieved with about 11000 and 60000 elements for the cases of 50 and 400 fibers, respectively. Also, it is clear that the number of finite elements needed to obtain a converged result strongly depends on the size of computational cell and the number of fibers. Moreover, Fig. 10 displays example of the local distributions of temperature and heat flux component qx in the unit cell containing 400 randomly dispersed fibers for the cases of v f = 14% and 27%. From this figure, it appears that the temperature distributions look almost same for the two different fiber volume fractions, while the local heat flux density is dramatically influenced by the filler distribution and filler volume concentration, and the maximum heat flux for v f = 14% is greatly less than that for v f = 27%. Besides, the heat flux around the fibers is much higher than that in the matrix. This can be attributed to the higher thermal conductivity of fiber.
Results and discussion
In this study, the influences of test temperature, fiber volume fraction, fiber arrangement and thermal property contrast are studied for the composite unit cell models. Moreover, in order to well understand the applicability of random model, the existing theoretical Gurtman model [11] , which is based on the periodic permutation composite material, is given as 
where vm = 1 − v f is the volume fraction of matrix.
The influence of random distribution
Due to the real randomness of each position of fiber, the fiber distribution generated every time doesn't keep same even with same geometric parameter input, as shown in Fig. 5 . Thus, investigating the influence of different random distributions of fibers on the effective thermal con- ductivity of composites is of great importance. Tables 1-3 list numerical results of three different fiber arrangements related to the given number of fibers and fiber volume fractions, respectively. Here, the fiber volume fraction covers a large range from low (14%) to high (54%) values and the number of fibers in unit cell changes from 50 to 600. It is indicated from Tables 1-3 that the effective thermal conductivity kx is approximately independent of the fiber packing arrangement for each volume fraction. Therefore, only one fiber random packing arrangement is considered in the remainder of this study. Moreover, it is observed that the number of fibers randomly dispersed in the unit cell has slight influence on the effective thermal conductivity of composite.
The influence of test temperature
In this section, the effective thermal conductivity of composites in different test temperatures ranging from 8 ∘ C to 85 ∘ C is investigated. The fiber volume fraction is taken as 14% and 27%, respectively, for the sake of comparison to the experimental results. Figs. 11 and 12 present the variations of the effective thermal conductivity kx as a function of test temperature for composites comprised of 50, 100, 200 and 400 randomly dispersed fibers, respectively. Correspondingly, the predictions from the regular square and hexagonal models, the experiment [34] and the theoretical Gurtman model [11] are also provided in Figs. 11 and 12 for comparison, in which the error bar has been included to represent the estimated uncertainty in the thermal conductivity data of ±5%. It is found that all predictions de- crease with the increase of test temperature, but increase with the increase of fiber volume fraction. Moreover, for each value of volume fraction, both the regular and random fiber packings give almost same predictions, which are always smaller than that from the theoretical model. Besides, it is found from Fig. 12 that for the 50 fiber model with 27% fiber volume fractions, there is a big difference to other predictions, while such difference becomes slight as the increase of the number of fibers. This can be attributed to the random arrangement of fibers in the unit cell. Fig. 13 compares the effective thermal conductivity of composite containing randomly dispersed fibers retrieved numerically with that predicted by the regular models, the theoretical model and the experiment as a function of fiber volume fraction ranging from 5% to 65%, which covers low, medium and high values of fiber volume fraction. The numbers of fibers in the composite unit cells are 50, 100, 200, 400, respectively. The thermal conductivity of matrix material is taken as 0.4367 W/(mK), which corresponds to 65 ∘ C test temperature. Fig. 13 indicates that kx nonlinearly increases as v f increases for the given thermal properties of fiber and matrix materials. More importantly, the numerical predictions from the regular and random models are in better agreement with the experimental results, compared with the theoretical predictions. Besides, it is also resulting that the transverse thermal conductivity of the random array model is higher than those from regular array model.
The influence of fiber volume fraction

The influence of thermal property contrast
To investigate the influence of the thermal conductivity mismatch between the fiber and matrix phases, Fig. 14 plots the effective thermal conductivity kx of a composite material containing regularly or randomly distributed fibers as a function of matrix thermal conductivity km ranging from 0.1 to 1000 W/(mK) for the fiber volume fraction v f = 50%. The fiber thermal conductivity keeps 1.03 W/(mK) unchanged. It is demonstrated from Fig. 14 that kx looks to almost linearly increase as km increases in the full range and the discrepancy between the theoretical and numerical predictions is expected to linearly increase as the thermal conductivity contrast increases. However, the results in Fig. 15 indicate that this phenomenon of linear increase is not true when the matrix thermal conductivity is obviously smaller than the fiber thermal conductiv- ity. From Fig. 15 , it is found that the effective thermal conductivity kx shows apparent nonlinear behavior when the matrix thermal conductivity changes from 0.1 to 2 W/(mK).
Although the numerical models always give lower predictions than the theoretical model, they can give same results when km = k f . This also demonstrates the validation of the computational tool. More importantly, the effective thermal conductivity from the regular models is smaller than that from the random permutation models when km changes in the range of [0.1, 1.03] W/(mK), while it becomes greater when the matrix thermal conductivity changes from 1.03 to 1000 W/(mK). Besides, as the material mismatch increases, the influence of the number of fibers becomes significant.
The influence of fiber radius
Another interesting issue is to investigate the effect of fiber radius on the effective thermal conductivity of composite.
To do so, the thermal conductivity of the matrix and the fiber are assumed to be 0.4367 and 1.03 W/(mK), respectively. Fig. 16 displays the variation of effective thermal conductivity in terms of fiber radius for the volume fraction of 50% and the number of fibers is 100. From Fig. 16 , it is found that the change of fiber radius has a little influence on the effective thermal conductivity of the random composite. Besides, for the special case that the fiber size is not uniform, as indicated in Fig. 17 , the effective thermal conductivity of the composite with 50% fiber volume fraction is found to be 0.6614 W/(mK), which is slightly different to the case of uniform fiber size.
Conclusions
This study investigates the correlation of the effective transverse thermal conductivity of unidirectional fiber reinforced composite and the related geometric parameters, the thermal conductivity contrast and the test temperature. The predefined geometric parameters for the reconstruction of composite microstructure include the fiber random arrangement, the number of fibers and the fiber volume fraction. Results indicate that (1) Due to the dependence of matrix thermal conductivity on the test temperature, the effective thermal conductivity of composite is also expected to be a function of test temperature; (2) The effective thermal conductivity of composite from the random array model is in good agreement with the experimental prediction, but it is always lower than the theoretical prediction; (3) Compared to other geometric parameters, the fiber volume fraction plays a more important role to the effective thermal conductivity of composite. (4) The influence of fiber quantity becomes obvious as the thermal con- ductivity mismatch between the fiber and matrix phases dramatically increases. (5) The effective thermal conductivity of composite changes linearly when the matrix thermal conductivity is greater than the fiber thermal conductivity, while it nonlinearly varies when the matrix thermal conductivity is smaller than the fiber thermal conductivity. (6) The change of fiber size has a little influence to the effective thermal conductivity of random composite. The generated random model with nonuniform fiber size for the case of 100 fibers and v f = 50%
